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Abstract. We study a deformation of the Cuntz-Toeplitz C*-algebra deter- 
mined by the relations a* a; = 1 + qaia*, a*aj = 0. We define well-behaved 
unbounded *-representations of the *-algebra defined by relations above and 
classify all such irreducible representations up to unitary equivalence. 



Introduction 

Many of the structures that have been studied recently arise as deformations of 
classical objects, e.g. deformations of the canonical commutation relations (CCR) 
and the canonical anti-commutation relations (CAR), quantum groups, quantum 
homogeneous spaces, non-commutative probability etc (see [3l OH [151 HH [SH 
124] ). From the physical point of view important classes of objects come from the 
Fock space formalism forming algebras generated by raising and lowering operators 
and their numerous generalizations. Examples of such generalizations include q- 
deformed quantum oscillator algebra ([31 [HI HH]), twisted CCR ([3T]), generalised 
deformed oscillator ([5]) and more general quadratic algebras with Wick ordering 
([14]). Here unbounded representations arise naturally since most of the physical 
observables can not be realized by bounded operators. During the past 30 years 
many works concerning (topological) algebras of unbounded operators and their 
physical applications appeared in the literature (see e.g. [UQIllEIGS] an d references 
therein). 

One of the most known (/-deformations of CCR is q-CCR with one degree of 
freedom, see [31 [15], i.e. the *- algebra which is generated by elements a, a* satisfying 
the commutation relation 

(1) a* a = 1 + qaa* , 
where q 6 [0, 1). 

For many degree of freedom there exist several versions of q-CCR algebras, see 
[H |9[ [TH |21] . In this paper we consider a subclass of g^-CCR algebras introduced 
in [4], namely ^-algebras, denoted later by which are generated by a*, a*, 
i = 1, . . . , n, subject to the relations 

(2) a*a,i = 1 + qaia*, a*aj =0, i j, i,j = 1, . . . , n, < q < 1. 
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Note that for q = we obtain the *-algebra, 0°, generated by n isometries with 
orthogonal ranges, i.e. 

0° = C (s^ s*Sj = 5ijl, i,j = 1, .. . ,n) . 

Its enveloping C* -algebra is an extension of the Cuntz C* -algebra O n by com- 
pact operators whose representation theory was extensively studied (see (6j [7] and 
references therein). 

Our aim is to describe irreducible unbounded representations of 0^, n > 1. Note 
that each 0^, n > 1, has also bounded representations, however, since the corre- 
sponding universal enveloping C* -algebra 0\ is isomorphic to the Cuntz- Toeplitz 
C*-algebra 0° (see Section 1), 0* is not of type I algebra and the problem of uni- 
tary classification of its irreducible ^-representations is complicated. Nevertheless 
it turns out to be possible to classify all its "well-behaved" unbounded irreducible 
❖-representations up to unitary equivalence. Unbounded representations are known 
to be a very delicate thing, since unbounded operators are not defined on the whole 
space. Depending on chosen domains of representations they can behave differ- 
ently (see, e.g. [18 [ l22 j ). In the theory of ^-representations of finite-dimensional Lie 
algebras the class of well-behaved representations form the representations which 
can be integrated to unitary representations of the corresponding simply connected 
Lie group. Nelson's fundamental theorem (see [2j [18]) gives a criterion for the 
integrability in terms of the Laplace operator of the Lie algebra, requiring its es- 
sential self-adjointness on a common invariant dense domain. Our definition of 
well-behaved representation is motivated by this issue. 

The well-known Stone-von Neumann theorem says that up to unitary equiva- 
lence there exists a unique irreducible representation of CCR which is unbounded 
and given by raising and lowering operators; the representation is often called the 
Fock representation. However, for g-CCR and, as we will see, for 0*, q S (0,1), 
the Fock representation is bounded, and a whole bunch of irreducible unbounded 
representations which do not have any classical analogs, arises (for g-CCR see for 
example [19]). 

The paper is organized as follows. In Preliminaries we recall a classification 
of irreducible representations of 0\ (or g-CCR) and prove an isomorphism of the 
enveloping C*- algebras of 0*, q £ (0, 1), to that of 0°. As a consequence we get 
that the description of bounded ^-representations of 0^ is equivalent to that of 
❖-representations of the Cuntz- Toeplitz algebra 0°. 

In Section 2.1 we give a definition of well-behaved unbounded ^-representation 
of 0% in spirit of [21 and also present an equivalent one in terms of bounded 
operators. 

Finally, in Section 2.2 we obtain a classification of all irreducible well-behaved 
unbounded ^-representations of 0\ up to unitary equivalence. 

1. Preliminaries 

Recall some facts on representation theory and properties of the universal en- 
veloping C* -algebra of g-CCR or 0\, < q < 1, see [20]. If q = we get the 
well-known *-algebra generated by a single isometry. Obviously any representa- 
tion of <D\ is bounded. Moreover, any irreducible representation of 0°, up to a 
unitary equivalence, is either one-dimensional a\ = expvp, ip £ [0,2-71"), or the 
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infinite-dimensional, called also the Fock representation, given by the action 

a 1 e n = e n+ i, neN, 

on an orthonormal basis {e„: reSN} in ^(N). 

When < q < 1, unbounded representations will also arise. Defining "well- 
behaved" unbounded representations as in Section 12.11 one has the following 

Proposition 1. Any irreducible representation of Of with < q < 1 is unitarily 

equivalent to exactly one listed below. 

1. The Fock representation acting on fa(N): 



'1 — q n 

TTF(ai) e„ = \j -y— — e n+ i, n E N. 



2. One-dimensional representations: 



7i\ ("i ) ' = \j ^ 1 - exp(itp) e, ip E [0, 2tt). 



3. Unbounded representations acting on ^(2) : 



/ 1 - q n 

7Tar(oi) e„ = W _^ — — + g"x e„+i, 7i G Z, x E (1 + qx , x ] 

where xq > is fixed. 

One of the fundamental facts on representation theory of 0\ is the Wold decom- 
position theorem, stating that any isometric operator is an orthogonal direct sum 
of a multiple of the unilateral shift and a unitary operator (see [E]). Using the 
description of irreducible representations of 0\ one can get a generalization of the 
Wold decomposition theorem to the case of linear operator satisfying g-canonical 
commutation relation (below we will refer to this fact as the g-Wold decomposition 
theorem). 

Theorem 1. Let A: Ji — » Ti. be a bounded linear operator satisfying for some 
q E (0, 1) the q- commutation relation 

A* A = 1 + qAA* . 

Then Ti. can be decomposed into orthogonal sum of sub spaces Ti = Tio®Ti u invariant 
with respect to the actions of A, A* and such that the restriction A\n Q is a multiple 

of the weighted shift on ^(Z+) defined on the standard basis by Ae n = \J 1 \- q e n+i, 
and A\ Hu = 7^=^ wh 

ere U is a unitary operator on 7i u . 

If we do not assume an operator A satisfying {1J to be bounded we can still 
decompose H into orthogonal direct sum of invariant subspaces Tio and Ti u such 
that the restriction of A to Tio is a multiple of the Fock representation. However 
in general situation Ti u is decomposed into orthogonal sum Ti. u = Ti\ © H.2, where 
A\-ft 1 = ^i_ q U with unitary U, and the restriction A^ 2 is unbounded and given 
by a direct integral of unbounded irreducible representations. In particular, in the 
polar decomposition A^ 2 = SC the isometric part S is unitary. 

Note that the Fock representation up of 0\ is faithful and the universal envelop- 
ing C*-algebra of 0\ is isomorphic to the C*-algebra generated by 7rp(ai). 
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Definition 1. Let A be a *-algebra. Assume that the set, Rep A, of all its bounded 
representations is not empty and 

sup ||7r(a)|| < oo 

TreRepA 

for any a £ A. The universal enveloping C* -algebra of a ^-algebra A is the com- 
pletion of A/1Z with respect to the following norm 

||a + ft||= sup ||7r(o)||, 

where 

11 = {ae A \ ir (a) = 0, 7T e Rep A}. 

The existence of the enveloping C*-algebra of 0^ follows from the fact that 
1 1 7r (cii ) 1 1 2 < > i = 1) • • • ,n for any bounded representation it of (see Theo- 
rcm[T|). In what follows we denote this C*-algebra by 0%. It is known that 0\ ~ 0° 
for any q G (—1,1), see for example [11]. The same is true for O^, n G N. 

Theorem 2. 0« ~ 0° for any g 6 (-1,1). 

Proof. Suppose that is realized by linear operators on a Hilbert space. Consider 
the polar decompositions = SiCi, i = 1, ...,d, where cf = a*ai and are 
partial isometries such that kers^ = kerQ. Since the spectrum er(cf) of cf is 
{ 1 ] ^5 , n G N} U {jz^j}, each q is invertible and therefore each is an isometry. 

Moreover, Sj = ai(a*ai)~2 G C*(<2i,a*), i = 1, ...,n. Further from a*a,j = one 
has 

CiS*SjCj = 0, hence s*Sj = 0, i ^ j. 
Since in any irreducible bounded representation of 0' with — 1 < q < 1 one has 

oo 

s i s i J' 

n=0 

the same equality holds in 0\ for a.; and Si, i = 1, . . . , n. 

Therefore a; G C*(si, s*, i = 1, . . . ,n), i = 1, . . . ,n, giving the statement of the 
theorem. □ 

Since the Cuntz-Toeplitz algebra 0° is a not of type I algebra (see [5]), this 
theorem shows that the classification problem of all irreducible representations of 
0\ and therefore all irreducible bounded representations of is very complicated. 

□ 

2. Unbounded representations of C« 

2.1. Definition and properties. We will start with defining well-behaved repre- 
sentations of ©J*. 

Definition 2. We say that a family {Ai,i = 1, ...,n} of closed operators on a 
Hilbert space H defines a well-behaved representation ir of if 

(1) there exists a dense linear subset DcH which is invariant with respect to 
A, A A* A* ■ 

(2) A*A iX = (1 + qAiA?)x, A*A jX = 0, i ^ j, i = 1, . . . ,n, x € V; 

(3) the positive linear operator A = X)"=i A*[Ai is essentially selfadjoint on T>. 
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This definition is similar to the definition of unbounded representations of twisted 
canonical commutation relations given by Pusz and Woronowicz (}21j). It is moti- 
vated by the Nelson criterion of the integrability for representations of Lie algebras 

(mini). 

Next two theorems provide a criteria for representations to be well-behaved in 
terms of bounded operators. It will be important for later classification of well- 
behaved (irreducible) representations of 0*. Before stating the theorems we recall 
the definition of analytic and bounded vectors for an unbounded operators, which 
will be used in the proofs. 

If A is an operator in a Hilbert space H, then u G H is said to be an analytic 
vector (a bounded vector) for A, if 

n=0 

for some s > < C n , for some C > respectively). These concepts are 

fundamental in the theory of integrable representations of Lie algebras ( [2l [T3l [T8] ) . 

Theorem 3. Let {A;, i = 1, . . . , n.} be a family of linear operators on TL defining 
a well-behaved representation of 0* and let Aj — Si\Ai\ be the polar decomposition 
of Ai and Di — Si\Ai\S* , i = 1, . . . , n. Then 

(a) f(Df)Si — Sif(l + qD 2 ) for any real bounded measurable function f; 

(b) for any i, j the operators \Ai\, \Aj\ commute in the sense of resolutions of 
identity; 

(c) s;s^s X] i. 

Proof. Let Cj be the closure of A* Aj on T>, j — 1, ... , n. Clearly, C| is symmetric. 
In order to show that all C? are selfadjoint and mutually commute in the sense of 
resolution of identity we prove first that 

(3) A n C^y^C^A n y,yeV(A n+2 ). 

Here and subsequently, T>(a) denotes the domain of an operator a. 
We have 

C\C) = (l + qA i A*)(l + qA j A*) = {l + qA i A*+qA j A* j ) 
= (l+qA*A j )(l + qA i A*) = C]C? 
on T>. Thus if x, y G T> then 

(4) (Ax, C]y) = (C 2 } x, Ay) and (C]Ax, y) - (C?x, Ay). 

As I? is a core for A the second equality holds also for any y G T)(A). 
We shall show next that P(C?) D V{A 2 ). In fact, by Q 

n n n 

a 2 = (J2 c?)(£ ci) = Y. c t+ E(! + + Q A i A *j) 

giving A 2 > on T>. Since I? is a core for A 2 we have that for y G V(A 2 ) there 
exists {y n } G V such that y n — * y, A 2 y n — » A 2 y and 

\\C]{y n - Vm)\\ = {Cj(y n ~ Vm), C 2 (y n - y m )) 

= {Cf{y n - y m ),Vn - Vm) 

< [A 2 {y n - y m ),y n - Vm)- 
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Thus the sequence {C 2 y n } converges to some z eW and by the closededness of Cj, 
y E T>(C?) and z = C 2 y. Moreover, 

(5) Cf < A 2 on X>(A 2 ). 

Let now y E V(A 3 ). Then Ay E D(A 2 ) C V{C 2 ), y E V(A 2 ) C V(C 2 ) and by 

{Ax,C]y) = {x,C]Ay),x€V. 

By the closededness argument the same equality holds for any x E 'D(A) giving 
C 2 V(A 3 ) C T>(A) and AC 2 = C 2 A on 2?(A 3 ). We proceed now by induction and 
suppose that for any y E £>(A n ), n > 3, C 2 y E P(A"" 2 ) and 

(6) A"- 2 C 2 y = C^A n - 2 y. 

In particular, if y € P(A n+1 ) then C 2 y E D(A n ~ 2 ) and © holds. Let 2 = A™~ 2 y. 
Then z e £>(A 3 ) and C 2 z = A n ~ 2 C 2 y E V(A). Therefore C 2 y E V(A n ^ 1 ) and 

A n ~ 1 C 2 y = AA n - 2 C 2 y = AC 2 A n - 2 y = C 2 A™- V 

Then by induction we obtain © for any n > 1. 

Let be the space of analytic vectors for A. As T>^ C 2?(A fc ), for any k E N, 
by © and © 

||A"C 2 x|| 2 = \\C 2 A n x\\ 2 = (C 2 A n x,C 2 A n x) = (A n CfA n x,x) 
< {A n A 2 A n x,x) = ||A" +1 x|| 2 . 

This shows that C 2 2\j C T>^ and, moreover, C 2 mutually commute on The 
last can be seen by computing the scalar product of CfC 2 x — C 2 Cfx, x E V, with 

n,. 

Next we show that any x E is also analytic for all Cf. In fact, as Cf < A 2 
on Pu, by assuming by induction that Cf n < A 2n on we obtain 

^,4(n+l) _ qIq^uqI C 2 A^ n C 2 

This gives 

||(C 2 ) n z|| 2 = (x,Cf n x) < (x,A 2n x) < \\A n x\\ 2 , 

i.e. is a subset of analytic vectors for all Cf. As T> w is invariant with respect 
to all Cf and Cf mutually commute on V^, we have that all Cf are self adjoint and 
mutually strongly commute, i.e. in the sense of resolutions of identity. In particular, 
we have proved that each Cf is essentially self adjoint on V, and Cf = A\Ai = |Aj| 2 . 

Next we prove that f(Cf)Si — Sif(l+qCf ) for any bounded measurable function 
/. Let Ri — Cf for notation simplicity. As RiAi — A ; (l + qRi) and RiA* = 
A*(Ri — l)/q on T>, using arguments similar to one given above one can show 
that for any non-negative integer n and x E T>(R k ^ 1 ) we have that A*x E V(R k ), 
A t x E T>(R k ) and 

R k A t x = Ai(l + qRA k x and R k A*x = A*{{R t - l)/q) k x. 
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Taking now T>i >u the space of analytic vectors for R4 and using that R4 < (1+Ri) 2 
we obtain 

\\R k A lX \\ 2 = WA^l + qRi) k x\\ 2 = {{l + qR l ) k A*A l (l + qR l ) k x,x) 

< {{l+qR l ) k {l + R t ) 2 {l + qR l ) k X,x) 
= ((l+R i )(l + qR i ) 2k (l + R i )x,x) 

< ((1 + R l ) 2 ^x,x) = \\(l + R t ) k x\\ 2 

giving that AiT> i>u) C T>i iW . Analogously, one proves that A*V itU1 C T>i iU . Moreover, 
the relations A*Ai = 1 + qA t A* and RiA, t — Aj(l + qR{) hold on P i(W which can 
be shown analogously to commutation of C 2 on T> u above. That T> iM) is a core 
for Ai and A* can be proved using the arguments in Proposition 3.3]. The 
condition f{C 2 )S l = S l f(l+qC 2 ) now follows from [H Theorem 1, Theorem 2]. 
Furthermore, 

A*Ai = 1 + qAiA* ^C 2 = l + qS t C 2 S* => 

(7) SiS^ — SiS^ -h qSiCi S\ — — 1 
on T> giving 

(1 - S^C 2 = (1 - SiS?) 
As T> is a core for Cf we obtain the equality on V(C 2 ). Similarly, 

(l-S i S*)C? n = (l-S i S*) 

on T>{C 2n ) and in particular on T>i yUl for any n > 1. The arguments similar to one 
in PH Theorem 1] give (1 - S 4 S*)/(C?) = /(1)(1 - S 4 S*) for any bounded Borel 
function /. This will also give that S,S* commute with resolution of the identity of 
Ci and from ([7]) we will get that C\ > 1 and since ker Ci = ker Si , Si is an isometry. 

To obtain f(D 2 )S l = S l f(l + qDj) we note that A. t A* = £>? and (A 2 A*)A 4 = 
Ai(\ + qAiA*) on V^. Moreover, clearly, any vector in T>i >ul is analytic for AiA*. 
Using again [19j Theorem 1, Theorem 2] we obtain the desired equality. 

What is left to prove is that S*Sj = if i ^ j. We have A*Aj = ( ', .S; S, ( ', = 
on T> and (S*SjCjX, Ciy) — for any x £ T>, y £ T>(d). As each Si is an isometry, 
the range of Ci is dense implying S*Sj =0. □ □ 

Remark 1. Let Ej(-) be the resolution of identity of D 2 = Sj \ Aj \ 2 S* , j = 1, . . . , n. 
Then, by [TH], (a) is equivalent to 

(8) E j (6)S j = SjEjiq-^S - 1)), j = 1, . . . , n for any Borel S C R. 

We will use the following notation when proving our next theorem. 
Let A = {0, a — a^i ■ ■ • > a k)> 1 < a i < n fc G N} be the set of all finite 
multi- indices. Introduce the transformations a, ■ A — > A, k = 1, . . . , n 

a{a 1 ,...,a s ) = (a 2 , . • . , a s ), cr(ai) = 0, 
a k (ai, . . . , a a ) = (fc, ai,...,a s ). 

Below having any family ui, . . . , u n of elements of some algebra and any nonempty 
multi- index a = (ax, ... ,a^) s A we will denote by u a the product u ai u a2 ■ ■ ■ u ak , 
it will be also convenient for us to put u$ = 1 

Theorem 4. Lei Ai = Sj|A|j, i — 1, . . . ,n, be the polar decompositions of closed 
operators Ai. If |Aj|, Di, Si, i = 1, ...,n satisfy conditions (a)-(c) of Theorem^ 
then {Ai, i — 1, . . . ,n} defines a well-behaved representation of 0% . 
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Proof. We construct the necessary domain. 

The condition (j8]) implies that given a fixed j, the operators Aj, A* form a 
(well-behaved) representation of g-CCR relation with one degree of freedom. From 
the generalized Wold decomposition for representations of one-dimensional g-CCR 
we can write Ti = Hq © Tig © Hu so that in Ti^ we have a multiple of the 
Fock representation, in Tii' we have D 2 j = (1 — q)~ x and in Tiu is unbounded 
component. Notice that in Tis and in Tiu the operator Sj is unitary. Let Tij be 
a span of the vectors S a x, x g Tiu , a £ A. 

Lemma 1. 1. Tij, j = I, . . . , n are invariant subspaces. 

2. H, JL H,. j / k. 

3. In the subspace Tio — TI © (Tii © • ■ • © Ti n ) the representation is bounded. 

Proof. 1. It is sufficient to show that each Tij is invariant with respect to S k , St, 
and Ek(S), k = 1, . . . , n for any measurable 5. 

From SkS a = SV^a) obviously follows the invariance with respect to Sk, k = 1, 
. . . , n. For a ^ I the invariance with respect to S^ follows as well since S^Sa — 
SkatSu^a). For the vectors of the form x g TC£ , since Sj is unitary in W« , we 
have a; = Sj^a; and therefore, S^x = 5jkS*x g 

Take a measurable <5. Since SV-S^ is the projection on the cokernel of D\, then 
for S not containing {0} we have E k (S)Sj — E k (S)SkSlSj = 0, and E k ({0})sj — 
(1 - SkS^Sj = Sj, j ^ k. Therefore, for S 8 we have E k (S)Sj = Sj, and for 
^ (5 we have E k (d)Sj = 0, j ^ fc. Thus we have that E k (5)S a x g Hj for ai 7^ /c. 

If ai = k, then we apply ([8|) and get E k {8)S a x = S k E k {q^ 1 {8 — l))S a ( a \x g 7ij 
by induction. 

It remains to consider the case a = 0. Again, we can write x — SjS*x, and 
apply the arguments above. 

2. Take arbitrary x g Tii 3 \ y g wl* , i ^ fc. 

i) Since a: = SjS*x, y — S k S k y, we have (x, y) = (S*x, S*S k Sly) = 0. 

ii) For any a — (ai, ... ,ai) we have (S a x,y) = (x,S^y) = (S*x, S* S^y). But 
since y = S l k +1 (S*) l+1 y and S*S a s l k +1 — 0, the latter scalar product is zero. 

iii) For any a, (3 g A we have (S a x, Spy) — using quite similar arguments. 

3) Is obvious, since unbounded component of any Aj in its Wold decomposition 
generates Tij. □ □ 

Let us continue the proof of the theorem. By Lemma Q] we decompose the 
representation space, Ti = Tio © Tii ■ ■ ■ © Ti n , in each component we construct the 
necessary domain T>j, j = 0, . . . , n, and take T> = Vq © T> 1 © • • • © T> n . 

Since in Tio the operators are bounded, we can take T>q = Tio. 

We fix some j = 1, . . . , n and construct the corresponding set T>j C Tij. 

Let Vj be a span of vectors of the form S a Ej(S)x, where x g Tiu , ct g A, 
5 C M+ are bounded measurable sets. 

1. Vj is dense in Tij. Indeed, choose 5 = [0, t], then for any x g ?itf \ Vj contains 
x t = Ej([0, t])x, which converges to x strongly as t — > 00. Applying the operators 
S a , a g A, we obtain total in Tij set. 

2. Vj C V(D k ), k — 1, n, and consists of bounded vectors for these 
operators. 
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First we show that for any z 6 T> 3l the sequence Ek([0,t])D%.z converges in 
Hj as t — > oo. But as noticed above Ek{[0,t])Si = E k ({0})Si, k ^ I, and hence 
E k ([0,t])DlSi = 0, k ^ I. Therefore, E k ([0,t])D 2 z = on any z = S a E j (S)x, 
where a — (cti, . . . , a rn ) with a\ ^ fc. 

For a x = k we have £ fe ([0, i])Z>f z = S fc (l + qDl)E k ([0, q~ l {t - l)])S a(a) E j {S)x 
and for a with ct<i = • • • = a m = k 

E k ([0,t})DlS k n S am{a) E J (S)x 

(9) = ^(-j^-I + Q m D 2 k )E k ([0, 1 (l- g)g m ])g^(a)^j(^- 

If er m (a:) ^ and a m +i 7^ fc the expression in (J9j) is equal to 

1 - o m 1 - n m 

-^-S k n S am{a) E 3 (S)x = ^-S a E 3 {5)x. 
1 — q 1 — 9 

Here we use the equalities D| £*({()}) = and ^({O})^- = 5j. Similarly, in the 
case <r m (a) — for k ^ j using x = SjS*x we have 

E k ([0,t})DlsZEj(5)x = T ^-S'' k n E J (S)x. 

For k = j, a m {a) = 0, and large t we have E 3 {S)E 3 ([0, ^j^")^" ]) = 
since 5j is bounded, therefore in this case ((9]) does not depend on t as well as above 
and obviously converges in TL 3 as t — > 00. 

Finally, for a bounded 5 and x £ W« ^ we have the following expressions: 

D 2 k S a E 3 (S)x = 0, ai^fc; 

1 — a rn 

D 2 S a E 3 (6)x = T Ji-S a E 3 (S)x, 

a = ( fc, . . . , k , a m +i, ■ ■ ■ , m), a m +i ^ k; 

m 

DlS^E^x = -^S-S^E^x, k^j; 

(10) D 2 S™E 3 (6)x = S™E 3 {S)(^-I + q m D 2 )E 3 (8)x., 

where in the last formula we used 

1 — n m 1 — n m 

E 3 (5){—^I + q m D 2 )E 3 {5) = (—L^I + q m D ^ Ej (S). 
1 — q 1 — q 

From ((TO)) we conclude that D kl k ^ j, is bounded in Hj with H-D^lw.,- 1| = (1 — l)^ 1 ■ 
For k = j we have \DfS a E 3 \8)x\ \ < + r)P||^(5)a;||, which means that V 3 
consists of bounded vectors of D 2 . 

3. T> 3 is invariant with respect to S k , St, k = 1, n. The invariance 
with respect to S k is obvious. For z = S a E 3 (S)x with x £ Hu we have S k z — 
5kaiS a ( a )E 3 (5)x if a 7^ 0. For z — E 3 (5)x we have z = S 3 S*z and 

SfeZ = $kjS*z = S k3 E 3 (q^ 1 (S - l))S*x e V 3 . 

4. Define A k , k = 1, n as a closure of D k S k from D. Then 2? c D(A fc ),Z)(^), 
fc = 1, . .. , n and (|2]| holds on V. This follows directly. 



10 



VASYL OSTROVSKYI, DANIIL PROSKURIN, AND LYUDMILA TUROWSKA 



5. One can easily see that V consists of bounded vectors for the operators 
S*DjSj and using their commutation, for A as well. Therefore A is essentially 
selfadjoint on T>. □ □ 

Remark 2. In fact it follows from unitarity of Sj on W« that TLj coincides with 
the closure of the span of the family {S a x, x £ Hu\ a £ Aj}, where Aj = 
{0, (ai, . . . , a k ), 1 < a 4 < n, a k ^j, fc £ N}. 

Remark 3. It follows from the considerations above that S a TLu ar £ invariant with 
respect to D\ and if a ^ 0, a £ Aj, then restriction of to S a Hu is bounded. 
In fact, for nonempty a £ Aj and any k = 1, . . . , n one has 

1 _ a m k (a) 

(11) D\x= f— x, xeS a H<j\ 

where the function m^(a) £ Z + , a ^ 0, is determined by the condition 

(12) <rJP* (Q) o- m *< a >(a) = a, a™ fe(Q)+1 ( r mfc ( Q ) +1 (a) ^ a. 

Recall also that D\x = 0, for x £ Hu , k =/= j, and with mfe(0) = the formula 
becomes true for x £ Tiu ^ and k ^ j also. 

2.2. Irreducible unbounded representations. In this section we will give a 
classification of irreducible unbounded representations of . We will keep notation 
from the previous section and consider only well-behaved representations of O^. 

Let {Ai, . . . , A n } be a family of closed operators on H defining a representation 
7r of O n . Let Ai = SiCi be the polar decomposition of Ai and Di = SidS* . Denote 
by Ej(-) the resolution of identity of Dj and let *B(R) be the cr-algebra of all Borcl 
subsets of R. 

Definition 3. The representation 7r will be called irreducible if the only operator 
C £ B(H) which commutes with all Si, S* and Ei(6), 5 £ 5B(K), i = 1, . . . ,n, is a 
multiple of unity, or equivalently, the space TL can not be decomposed into a direct 
sum of two non-trivial subspaces which are invariant with respect to Si, S* , and 
Ei(8), S £ «B(R), i = l,...,n. 

It follows from Lemma [T] that for irreducible unbounded n the representation 
space Ji coincides with the closed span TLj of {S a Hu\ a £ A^} for some j £ 
{1 "\- 

Lemma 2. Let 7r be an irreducible unbounded representation of O n on Tij for some 
fixed j . Then the restriction Aj\ n u) determines an irreducible representation of Of 

on ni j) . 

Proof. Assume that Ti 3 u = © where H % u , i = 1,2, are invariant with respect 
to Sj, S* , and Ej(8) for any Borel S £ R. Let Hi, i — 1,2, be the closed linear 
span of {S a H^, a £ Aj}. Then following arguments in the proof of Theorem 0] 
we obtain that TL = Hi® H^ where each of Hi is invariant with respect to Sk , , 
Ek{8) for any k — 1, . . . , n and <5 £ R £ Q5(R) contradicting the irreducibility of tt. 
□ □ 
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Theorem 5. Let j G {1, . . . , n} and x € (1 + qxo, %o\; where xo > jz^ is fixed. 
Let TL be a Hilbert space with orthonormal basis {e* , s G Z, a G Aj} and let Ak, 
k = 1, . . . , n be linear operators on TL given by 



/ 1 — <7 m fcOfcO)) 
Ue' = J f — e^ (tt) , fc^j 



1 — n» l j{ a j( a )) 



^< = \/ <MY a ^ 



s+1 



(13) A^eJ = y^-^ + g^e^ 

where TOfc(a) ore defined by ilty) . Then {Ax, . . . , A}.} defines an irreducible rep- 
resentation 7T( X j) of 0%. Moreover any unbounded irreducible representation is 
unitarily equivalent to exactly one representation ^( x ,j)- 

Proof. Let U be the closure of span of {e^, s G Z}. Then U is invariant with respect 
to Aj, A* and the restrictions of these operators to U determine a well-behaved 
irreducible representation of 0\. Consider the polar decompositions Ak = SkCk, 
and put Dk — SkCf-S^., k — 1, . . . , n. Then 

D%e s a = A k A* k e s a = — ^- e*, a S Aj, a ^ 

D|e| = AfcAJej =0, fc ^ j, s e Z 

and Sfc^ = e^ (a) if either k ^ j or a ^ 0, and 5, eg = eg +1 ; Sjje* = <5 fc4l e* (Q) if 
a ^ 0, >5|e0 = ejp 1 and S^eg — 0, k ^ j. In particular, e s a = S a e^, for any non- 
empty a G Aj and s G Z. It is a routine to verify that the conditions of Theorem 
[4] are satisfied and formulas (|13p determine a well-behaved representation tt^j) of 

Ol with W = and n (xJ) (ai) = A,. 

Each representation ^( x .j) is irreducible. In fact, let C G B(TL) be a selfadjoint 
operator commuting with Sk, Ek(S), k = 1, . . . ,n, S G 58(M). One can easily see 
that H { u } = Ej(A x ), where = {i^+q":r, n G Z}, giving that Tii^ is invariant 
with respect to C. Put C0 ~ ^\n[p > smce * ne representation of 0\ defined by the 

restriction of K(x,j)( a j) to W« is irreducible, one has C$ = Agl, A$ G C. Further, 
using the commutation of C with all Sk and induction on length of a G Aj , we get 
that S a TLu^ is invariant with respect to C for any a G Aj. Denoting by C a the 
corresponding restriction we obtain again by induction C a = Agl for any a G Aj. 
AsH = we conclude that C = A0l-^ and j) is irreducible. 

Next we show that ^( x .j) are non- equivalent representations. Since ^( x .j) (afe), 
are bounded if j 7^ fc, we have that ir( x j) is not unitarily equivalent to TT( y k ) when 

Letx,x' G (1 + qxo, xq], j G {l,...,n}. Suppose that ~Kt x> j) — ^{x',j}- Denote the 
corresponding representation spaces by TL and T and let V : 7i — > be a unitary 
operator giving the equivalence of the representations. Then gives the equivalence 
of representations of 0\ defined by the actions of 7i7 XJ -)(oj-) and 7r(x',j)(aj) on TL 

and respectively. Consider the decompositions TL = TL$ © (W®) 1 and JF = 
•Fit © (^ 7 « ? ^)" L - Recall that summands in these decompositions are invariant with 
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respect to 7T(x,j)(%')' n (x,j)( a j) (' !r (x',j)( a j)t ^ (x' ,j){o*j) respectively), the restriction, 
7Ti(a.,-), of TT( x j)(cij) (and n[(aj) of ^( x '.j){aj)) to (TiiP) 1 - {{Fu )" L respectively) is 
bounded and 

■K 2 {aj) = n{x,j){aj)\ n <J) = n x (a), 7r 2 (aj) = ^(x',j)( a j)\ J rU') = ^x'(a) 

Since tt\ and Tr 2 are disjoint and the same are 71^ and ir^ one has that Vwi x j\ (a,j ) V* — 
n (x'.j)( a j) implies V = V2 © Vi and V^^O^)^* = 7T2( a i)i hence by Proposition [1] 
we get x = x' . 

Finally, by Lemma [5] any irreducible well-behaved representation it of acting 
on Hilbert space Ti. corresponds to some fixed j = 1, . . . , n such that the restriction 
of 7r(aj) to Hu' determines an irreducible well-behaved representation of Of. Then 
decomposing Ti = Tiu^ © (Hu') 1 and taking a unitary operator V of the form 
V = Viffil, where V± is unitary acting on Tiu^ such that V*7r(aj), 7{ u)Vi = n x (a) for 
some x G (1 + ga;o, xo), we obtain by Remark[3]that V gives the unitary equivalence 

of 7T to 7T(x,i)- D D 

Remark 4. Using the same arguments we can describe irreducible representations 
of O n such that some of Sj is not a pure isometry (i.e. its Wold decomposition 
consists of the unitary part). In this case we have the following two possibilities: 
either the corresponding representation is unbounded as described in Theorem [5l 
or it is unitarily equivalent to one determined by the following formula 



/ 1 — q m k(<?k(a)) 

A k e a = W — e ak(a) , k^j 



qm j{aj{a)) 



Aje a = W e ^( a ), 



(14) Ajea = exp(27n ^ ) y' — 1- e , fa G [0, 1) 

on Ti with orthonormal basis {eg, e a , a £ Aj}. Representations corresponding to 
different j = 1, . . . , n or fa G [0, 1) are non-equivalent. 

In particular, for q = we get a classification of all irreducible representations 
of O n such that one of the generators is not a pure isometry. 
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